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ABSTRACT

This paper provides a brief introduction to Wilhelm Lexis, his life, and the basic demographic tool that
is named after him: the Lexis diagram. This topic is chosen to commemorate the centenary of the death
of Wilhelm Lexis, who had an unquestionable influence on demographic research. The Lexis diagram, which
is used to display demographic events in a dual time dimension, is an essential instrument for working cor-
rectly with demographic data. Therefore, it is not far from the truth to claim that demographers all around
the world would be unable to imagine demography without the Lexis diagram, in spite of the fact that

the diagram’s ties to Lexis are not so direct.
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1. INTRODUCTION

Wilhelm Lexis left an important legacy for demogra-
phy in the form of what is today known as the Lex-
is diagram. The diagram allows us to deal, according
to their structure or aggregation, with demographic
events such as births, deaths, marriages, etc. in two ba-
sic time dimensions, age and calendar time (period),
where a third dimension (cohort) can also be traced.
It became popular above all in the second half of the 20%
century due to the work of Pressat (Caselli et al., 2005).
Although the Lexis diagram is taken for granted in our
research nowadays, the path to the diagram in the form
in which it is used today was not so straightforward.
It was quite the other way around and it may have es-
caped the notice of some demographers that the dia-
gram we use widely today may not be entirely identical
to the diagram proposed by Wilhelm Lexis. The roots

of this graphic tool can be found in the work of other
demographers and scientists in the second half of the 19*
century, but, as we will show, the role of Lexis himself
was very important. Therefore, the aim of this paper is to
commemorate the 100" anniversary of Wilhelm Lexis’s
death and to introduce briefly the documented evolu-
tion of the Lexis diagram. The goal of this paper is also
to demonstrate how the most common diagrams are
used and how the probabilities and rates are calculated
using the diagram; that means, how the Lexis diagram
and its various forms can be used in practice and what
the advantages and disadvantages of these different
forms are. It is impossible within the scope of this brief
paper to devote enough space to all the known variants
of the diagram and detailed specifications of it. There-
fore, the two versions of the diagram used in the Czech
school of demography were selected for this article.

1) This article was written with the support of the Czech Science Foundation as part of work on project no. P404/12/0883 ‘Cohort

life tables for the Czech Republic: data, biometric functions, and trends/Genera¢ni imrtnostni tabulky Ceské republiky: data,

biometrické funkce a trendy’
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2. WILHELM LEXIS

Eschweiler in Germany is a town located not far from
Aachen, which is known for several notable figures
who were born or lived there. Wilhelm Lexis? is one
of them. He was born on 17 July 1837 into the family
of physician Ernst Joseph Lexis and his wife Gertrud
Stassen. Given the range of his interests he was known
as a Renaissance man. He first studied law at the Uni-
versity of Bonn. Later on, he devoted himself to math-
ematics and natural sciences there. He graduated from
the University of Bonn in 1859 and earned his doctoral
degree in philosophy for his thesis on analytical me-
chanics (Johnson - Kotz, 1997; Drechsler — Kattel, 1997).
He obtained a degree in mathematics also and for some
time he taught mathematics at a gymnasium in Bonn
and worked as a librarian and a journalist. Despite his
background, Lexis also obtained experience in Bunsen
chemical laboratory in Heildeberg (Hertz, 2001). Lexis
married Pauline Emilie Lindenberg from Remscheid
and had three children (von Collani, 2014).

Figure 1 Wilhelm Lexis

Source: Wikipedia: The Free encyclopaedia, 2014a.

In 1861 Wilhelm Lexis left for Paris, where he
started to study the social sciences and political econ-
omy. This departure marked a turning point in his life
and professional career, because it led to Lexis’s first
publication devoted to French export policies (Die
franzdsischen Ausfuhrprimien im Zusammenhange mit
der Tar-ifgeschichte und Handelsentwicklung Frankre-
ichs seit der Restauration: volkswirthschaftliche Studien,
Bonn 1870). He pointed out that economic theory
should base on quantitative data and expressed scep-
ticism of ‘pure economics’ utilising only descriptive
mathematical models (Heiss, 2014). The Franco-Ger-
man War (1870-1871) forced him to return to Ger-
many where later he became involved in the reform
of German universities. In 1872 Lexis was appointed
to the post of associate professor in political economy
at the University of Strasbourg, which had just been
established. At that time he published an introduction
to the theory of statistical demography (Einleitung
in die Theorie der Bevilkerungsstatistik, Strasbourg
1875), in which he included his well-known diagram.
Lexis then left Strasbourg for Dorpat® in the Russian
Empire, where he was appointed as professor of ge-
ography, ethnology, and statistics. At the University
of Dorpat, which belonged to the group of German-
language universities till 1895, he spent only two years
there and published a demographic essay on the sex
ratio of births and probability theory (Das Geslechts-
verhdltniss der Geborenen und die die Wahrscheinli-
chkeitsrechnung in: Jahrbuch fiir Nationalokonomie
und Statistik, 1876). In the following years, from 1876
to 1884, Lexis took up the position of chair of politi-
cal economy at the University of Freiburg im Breisgau
in Baden-Wiirttemberg. Considering the list of his
publications, this was a fruitful period in his career.
Around this time he published works on statistics
(e.g. Zur Theorie der Massenerscheinungen in der men-
schlichen Gesellschaft. Freiburg im Breisgau 1877;
Uber die Theorie der Stabilitdt statistischer Reihen,
in Jahrbch fiir Nationalokonomie und Statistik 1879)
and articles on economics (e.g. Gewerkvereine und
Unternehmerverbinde in Frankreich: ein Beitrag
zur Kenntniss der socialen Bewegung, Leipzig 1879)

2) Full name: Wilhelm Hector Richard Albrecht Lexis.

3) Now Tartu in Estonia.
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(Drechsler - Kattel, 1997; Seneta, 2014; Heiss, 2014).
In 1884 Lexis was appointed for the chair of statistics
at the University of Breslau® and remained there till
1887. Afterwards he moved to work at the University
of Géttingen and from 1891 he became the chief edi-
tor of Jahrbuch fiir Nationalokonomie und Statistik.
He died in Gottingen a few days after the beginning
of the First World War, on 24 August 1914.

Wilhelm Lexis is famous for his contribution
to theoretical statistics focusing on the application
of the calculus of probabilities to statistical data. His
pioneering work on dispersion resulted in a study
of variance and his rejection of the assumption
of statistical homogeneity in sampling supported
by Adolphe Quetelet,” who is known as the author
of the rules for modern population censuses, and his
followers. Unlike them, Lexis stressed the fluctuations
in different demographic time series and proposed
a dispersion coefficient Q® as a ratio of the empiri-
cal variance of the series to the assumed theoretical
variance. ‘Normal dispersion corresponds to Q equals
1 and is related only to chance. If the coefficient differs
from 1, then fluctuations will be caused by the ‘physi-
cal’ component rather than chance. Q > 1 denotes,
in his concept, hypernormal dispersion and Q < 1 de-
notes hyponormal dispersion. He also demonstrated
that social data usually have hypernormal dispersion.
The coeflicient Q, which he discovered while study-
ing qualitative changes in populations over time, was
a forerunner of the statistics of K. Pearson and R. A.
Fisher and the analysis of Chi-squared variance (Sen-
eta, 2014; Johnson - Kotz, 1997).

In addition, Wilhelm Lexis was a scholar
in the field of economics and finance and published
several articles on the educational system (e.g. Die
neuen franzosischen Universititen, Munich, 1901; Die
Reform des héheren Schulwesens in Preussen, Halle,
1902). In addition, he contributed several papers
to the field of tuberculosis statistics (Zur Statistik der
Tuberkulose, Bericht iiber die Statistik der Tuberkulose)
and established the first German actuarial institute
(Konigliches Seminar fiir Versicherungswissenschaften)
(de Gans - van Poppel, 2000).

3. THE LEXIS DIAGRAM AND ITS
DEVELOPMENT

The Lexis diagram can, according to Siegel (2012, p.
945), be defined as ‘[a] graph relating time and age
and thus illustrating how, with the passage of time, the
age references of a birth cohort change. If the diagram
is shown in three dimensions, actual population values
may be depicted. The importance of the Lexis diagram
can be expressed by the fact that in demography it is
often important to follow all three dimensions or to
make the correct choice of methodological approach
to the analysis (i.e. selecting the primary set to which
import data are aggregated). In a certain point of view,
the fact that all the dimensions (time/period, age and
cohort/time of birth) are logically connected and tied
simplifies a great deal, but on the other hand it could
lead to some methodological problems (e.g. in the
age-period-cohorts models). The interconnection of
the three dimensions was expressed by Keiding (2011:
405): ‘In demography and epidemiology, a central issue
in studying fertility, morbidity, and mortality, is to keep
track of the three different time variables age x of the in-
dividual, calendar time t at birth (cohort), and current
calendar time T =t + x, often termed period.

Among demographers it is well known that graphi-
cal representation can be useful for answering some
methodological question as well as for obtaining
an initial orientation in data and also for presenting
results. “To track the simultaneous development of age,
period, and cohort it is helpful to use graphs, nowa-
days usually the so-called Lexis diagram which is just
a (time, age)-coordinate system in which individuals are
represented by line segments of slope 1 starting at (time
at birth, 0) and ending at (time at death, age at death).
(Keiding, 2011: 406) However, the Lexis diagram,
as mentioned by Keiding (2011), had its own de-
velopment, and moreover, it cannot solely be asso-
ciated with the name of Lexis. On the other hand,
the diagram Leis proposed (see below) was pioneering
in some aspects that are still important today,
and it was also used in practice, above all before
the 1960s, when Pressat introduced his modified ver-
sion (see below).

4) Now Wroclaw in Poland.
5) His full name was Lambert Adolphe Jacques Quetelet.
6) His full name was Lambert Adolphe Jacques Quetelet.

279



2014

Demografie ‘ ‘

56 (4)

ARTICLES

The first works dealing with the graphical repre-
sentations of demographic data often also includ-
ed the first formal representations — usually related
to the process of mortality. Those works could
be traced to approximately the last quarter of the 19%
century (Keiding, 2011). Zeuner (1869) was probably
the first to deal with the issue of the graphical repre-
sentation of population development in his work (Kei-
ding, 2011). He focused on the possible ways of graphi-
cally expressing the life history of various cohorts,
or simply speaking of groups of people born in a de-
fined time period. Based on the graphs he developed,
he defined the survival function as we know it today
and many other relations. The basic equation behind
it is the relation expressing the number of individu-
als born in the time interval from t, to t, who are still
alive at age x (Zeuner, 1869: 12; Keiding, 2011: 406):

V(x) :ff(t, x)dt

In his work, Zeuner (1896) proposed a way
in which to express the life history of a popula-
tion graphically. He worked with a system of axes
in a three-dimensional space, where the two horizon-
tal axes stand for age and the time of birth and the
vertical axis represents the number of individuals.
The most important curves in the coordinate system
illustrated the mortality process, which means the pop-
ulation size decreasing by mortality. The system of axes
in this way is more useful for the study of birth co-
horts. For the study of the population structure
in a defined time, it is necessary to use the diagonal
horizontal lines representing time (see Figure 2).

Moreover, in the diagram introduced above
(the Zeuner sheet, Fig. 2) Zeuner (1869, Figures 4-6
in his original work) also showed the three primary
sets of deaths defined by:

1) cohort and age (the 1st primary set of events),

2) cohort and period (the 2nd primary set
of events) and

3) period and age (the 3rd primary set of events).

Those sets of deaths were found by projecting
the corresponding change in ‘mortality curves’ to the bot-
tom side of the graph. This means that the correspond-

Figure 2 Graphical representation of the survival
curve according to Zeuner (1869) - the ‘Zeuner
Sheet’.

Note: ‘Vertical axis (Z) stands for the number of individuals born
intime Y or still alive at age X. The horizontal lines denoted as P P,
in the figure are called the ‘birth curves’ (Keiding, 2011: 407), which
are the individuals who were born in the time period from Y = A,

to A,. The decreasing curves PQ represent the ‘mortality curves’,

or survival functions in contemporary terminology. For each age

X then it is easy to find the number of individuals who are still alive
(curve BM in the Figure 2) (Keiding, 2011: 407). The dashed diagonal
line BD represents the defined constant time.

Source: Zeuner, 1869: 9.

ing change in ‘mortality curves’ was bordered by cohort,
age or period, depending on the selected primary set.

In his work, Zeuner (1869, cit. in Keiding, 2011)
argues that in statistics or registers it is necessary
also to collect information about the year of birth
of a person, and not only the age and the year of death.
In other words, using only the information of year
of the event (death) and age, we cannot do any cohort
analysis or define unambiguously an individual’s co-
hort (the time or year of birth).

Based on the above, it is clear that Zeuner focused
especially on graphical representations of the whole
population and changes to the population in time or
with age. He also developed formal expressions for
these changes. On the other hand, there is a different
way in which to study the changes in a population,
namely, the study of individual life lines. Knapp (1869,
1874 cit. in Keiding, 2011: 408) was probably the first
to use the graphical representations of individual life
lines and also the first to study the individual lengths
of life as the main goal.” He simply drew individual

7) Vandeschrick (2001) states that Knapp proposed his version of the diagram already in 1868.
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lines in a graph using the time scale (see Figure 3).
These lines represented the human’ life from birth to
death. He also took into account the number of births
(Vandeschrick, 2001). Based on this graphical represen-
tation, Knapp (1874, cit. in Keiding, 2011) developed
the calculus usable for the mortality analysis. How-
ever, given the way it is shown in the diagram (Figure
3), it is clear that using this graphical representation
in practice was not very straightforward.

Figure 3 The life lines proposed by Knapp (1874)
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Note: ‘This diagram has a line segment for each individual plotted
against calendar time, ranging from birth to death of the individual.
The right endpoints in the area MNOP represent the deaths during
the time interval [t ;t ] of individuals aged between x and x'
(Keiding, 2011: 409)

Source: Keiding, 2011: 409.

In the diagrams above, in fact only two perspec-
tives are used (time and age used by Knapp in 1874,
or cohort and age in the diagram of Zeuner, 1869,
which is combined with the population size). The other
dimensions can be found in the diagrams, though
they were not the main subject of study of their au-
thors (like the time/period perspective in Zeuner,
1869, Figure 2).

Becker (1874) was probably the first to combine
in some way all three perspectives — the time/period,
cohort and age dimensions (Keiding, 2011). He fol-
lowed the idea of Knapp (1874, cit. in Keiding, 2011),
and the basic objects in the graph, as he proposed it,
are the life lines. These are the horizontal lines, all
of them start at the time of birth, and the age at birth
is logically equal to zero. This means that age increases
in a horizontal perspective going from left to right.
In Figure 4 the constant values of age are represented
by the diagonal curves, and the first of them (in Figure
4) is equal to age D = 0. Then the time of birth (cohort)
can be read on the vertical axis and the calendar time

on the horizontal axis. Because the time of birth has
to be equal to the same calendar time, the diagonal
curves have to be under a 45 degree slope (Figure 4).

Figure 4 The period-cohort diagram proposed
by Becker (1874)
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Note: ‘Becker (1874) worked also with the possibility of emigration or
immigration (the dotted lines in the diagram.

‘The three primary sets of dead are indicated: (cohort, age) as the
parallelogram eqng, (cohort, period) as the rectangle ikmo, (period,
age) as the parallelogram dlpf.’ (Keiding, 2011: 409)

Source: Becker, 1874: 77; Keiding, 2011: 409.

In Becker’s diagram (1874) the ends of the life
lines represent the event of death. Based on their oc-
currence in the diagram he was able to relatively eas-
ily define the three primary sets of events (deaths).
In contrast to Zeuner (1869), Becker’s (1874) dia-
gram is much easier to work with because it is defined
as only a two-dimensional representation. The popu-
lation size is not included in the diagram. This also
means a greater possibility of this type of diagram
being of practical use. This simple way of defining all
three primary sets of events (deaths) could also be
important today. However, when considering contem-
porary practical usage of this type of diagram, it must
be mentioned that there is usually no need
to draw the individual life lines, and moreover,
particularly, for example, when studying the pro-
cess of mortality, we need to express the sets
of events for one time period or one cohort and to
define the population size at risk of death. Draw-
ing both these variables in Becker s diagram would
be quite spatially-demanding and it would proba-
bly be difficult for the user to gain an orientation
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in them (the deaths of persons in the youngest cohorts
would be at the top of the diagram; age does not have
its own axis, etc.).

Lexis (1875) studied (Lexis, 1880 cit. in Vande-
schrick, 2001) the work of Zeuner independently
(Keiding, 2011).» However, he did not work spe-
cifically with the life lines and their depiction
in the diagram. The individual life histories or de-
velopment of the population was not the main ob-
ject in his study, which is obvious from his interests
listed above. Instead of that he focused specifically
on the graphical representation of the key information:
the time of death (or other events), the age at the time
of the event (the age at the time of death), and the time
of birth of the studied individual (Vandeschrick, 2001).
In his proposed diagram, the main feature is the possi-
bility to read easily when a person (or group of people)
was born (the time of birth/cohort — on the horizontal
axis) and what is the age of the person/sub-population
or age at the time of the event (the age at the time
of death); he defined the ‘birth points’ and ‘death
points’ and the lines separating them (Keiding, 2011).
This feature also fully corresponds to the contem-
porary needs of demographic analysis and the data
definitions we still need today. Instead of some time-
or period- axis, he used diagonal lines with a slope
of 135 degrees to represent fixed (constant) calendar
time periods (e.g. moments of the census) (see Fig-
ure 5; Vandeschrick, 2001). However, if we wanted
to draw a period a is in the diagram, it would lead from
the bottom left to the upper right side of the diagram,
diagonally, with a slope of 45 degrees (Roubicek, 1958).

It is theoretically possible to draw individu-
al life lines in the Lexis (1875) diagram very eas-
ily. They would be vertical lines, all of them starting
on the horizontal axis (age = 0), each would end
at different age (could be read on the vertical axis),
and the time of death would be bordered
by the two following time lines. All the primary sets
of events defined earlier could be used in this diagram
and drawn again very easily (this will be described
below in this text).

It could be said that this type of diagram could also be
fully useful for contemporary needs of analysis — the lowest

Figure 5 The Lexis diagram (Lexis, 1875)
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Note: The primary set defined by cohort and age can be illustrated
by a rectangle within the diagram (for example, rectangle bhcg).
The parallelogram (for example, ekom) stands for the primary set
defined by cohort and period and the parallelogram (for example,
peig) represents the primary set defined by age and period (Keiding,
2011:410).

Source: Lexis, 1875: 139; Keiding, 2011: 410, author ~ s modification
of the letters in the figure.

ages would be drawn in the bottom part
of the graph (this means that the less certain high-
er ages do not need to be drawn in the diagram),
the time lines precisely define the population
size at the beginning as well as in the middle
of the year (or more generally, in the studied time
period; the time lines could also be drawn accord-
ing to the defined studied time period, not neces-
sarily for each calendar year), and all the prima-
ry sets of events could be drawn very easily. On
the other hand, from Figure 5 it is already clear
that this type of diagram would be especially suit-
able for cohort analysis — the cohorts are straight
vertical lines, which can be easily followed across
their history. However, in mortality (and the same
holds also for most of the other demographic
processes as well) we have to deal mostly with
the period perspective. For example, if the stud-
ied time period should be one year of time, us-
ing the Lexis (1875) diagram (shown in Figure 5)
we would need to define the calendar year with
two time lines, which run from the bottom right
to the upper left - the beginning of these time lines
(the lowest ages) would lie at the extreme right

8) The construction and specific features of the Lexis diagram can be found in the work of Vandeschrick (2001).
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of the graph; this method of graphical visualisa-
tion would be again relatively spatially-demanding.
On the other hand, when illustrating the data
structure only for the lowest ages, then the di-
agram is fully useful and practical (see Part 4
of this article).

However, Lexis (1875) noticed that not all the time
dimensions (age, period and cohort) are represented
symmetrically in the first proposed form of his dia-
gram (described above, see Figure 5). If we consider
the range of birth times (horizontal axis) as equal
to 1 year, and the age interval (vertical axis) also
as equal to 1 year, this means that both these lines
would be of a length equal to 1. In this situation,
the line that represents the time dimension (the dis-
tance between the two time lines in Figure 5) would
be equal to “Z. For this reason he proposed a slightly
modified diagram (see Figure 6), an ‘equilateral dia-
gram’ (Keiding, 2011: 410), where all the axes have
the same scale. In this version of the diagram he ‘only’
changed the slope of the vertical axis (to 60 degrees).
In the diagram itself then, not the axes, but the age-
, time- (or period-) and cohort- (or time of birth-)
lines are important. Those lines separate the different
completed ages, time periods and cohorts (in today’s
terminology). In this modified Lexis diagram all the
differences between two exact ages, periods or cohorts
(which are all equal to the same value) are represented
by equally long lines.

In this equilateral version of the Lexis diagram
(Figure 6) it is also possible to draw life lines.
This could be important for identifying the state
of the population at the beginning of the year
and in the middle of the year. These life lines
would be parallel to cohort lines (a slope equal
to 60 degrees). One year later, Lewin (1876, cit.
in Keiding, 2011) continued to work with the
Lexis diagram and added life lines to the dia-
gram. At the same time, he also rotated the whole
diagram so that the life lines run horizontally
(see Figure 7). Moreover, he precisely defined
the three primary sets of events as well as the
two elementary sets defined by only one gen-
eration, age and calendar year. However, his
work was criticised by his counterparts because
of its unnecessarily excessive formal complexity
(e.g. Zeuner, 1886 cit. in Keiding, 2011).

Figure 6 Lexis ‘equilateral’ diagram (Lexis, 1875)
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Note: the horizontal lines represent age-lines (QA), the vertical lines
running up and to the right represent the different times of birth, the
cohort-lines (e.g. 0Q), and the vertical lines running up and to the left
represent time-lines (PQ). Each age-line stands for an exact age, time-
line and cohort-line corresponding to one exact moment in time.
Source: Lexis, 1875: 139; Keiding, 2011:411.

Figure 7 The diagram proposed by Lewin (1876)
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Note: ‘The life lines are horizontal and parallel with the cohort-lines,
the age-lines lead downwards and the time-line runs upwards

and to the right. This is only the rotated version of the equivocal
Lexis (1875) diagram (Figure 6).

Source: Keiding, 2011:411.

Based on the information above, it could be
said that Lexis (1875) was probably the first author
of a graphical expression of demographic pro-
cesses and events who did not specifically consider
life lines (although it is possible to draw them in
his versions of the diagram), but instead used
all three dimensions, which are still considered
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in the diagram: the age-, cohort- and period-
(time-) dimension.” He moreover devoted con-
sideration to the different lengths of the lines rep-
resenting these dimensions in rectangular version
of the diagram. His equivocal version of the diagram
could even today be regarded as very precisely de-
signed, reflecting its inner logic. It is very easy to draw
all the primary sets of events as well as the elemen-
tary sets of events and also to define the beginning
of the year (the initial population at risk) and the mid-
dle of the year (the exposed population). However,
the equivocal version of the diagram would even to-
day be more complicated for technical processing,
so the rectangular version is more useful in this re-
spect. This was probably the reason why the rectangu-
lar version was applied in practice more often.

Work on the graphical representation of demo-
graphic events and demographic development con-
tinued in the late 19 century and in the 20" century.
There is a quite famous colour version of one form
of the Lexis diagram representing the demographic
development of Sweden (Perozzo, 18804, cit. in Kei-
ding, 2011; see Figure 8).

At the beginning of the 20" century, graphical
representation of studied demographic events or pro-
cesses was not very popular among demographers.
If they considered using graphical presentation of data
at all, they more often focused on three-dimensional
illustrations (as shown, for example, in Figure 8).
For example, Verrijn Stuart (1928, cit. in de Gans -
van Poppel, 2000) did not expect the Lexis diagram
to spread and to be used widely in demography
at all. It could be said that the Lexis diagram is still
known and used because of the work of Roland Pres-
sat, although even before Pressat’s work, published
in the 1960s, the Lexis diagram was used occasion-
ally. One example of this can be found also in Czech
demographic literature.

Roubicek (1958) dealt with the Lexis diagram and
stressed that using this graphical tool could simplify
many problems involved in demographic analysis
or in the construction of life tables. More specifi-
cally, in his work he mentioned the ‘demographic

Figure 8 Graphical representation of the demographic
development of Sweden, 1750-1875
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Note: ‘This representation of the development of the Swedish
population 1750-1875 was redrawn by Perozzo from a similar (black)
stereogram by Berg (1860). The representation corresponds to
Zeuner's stereograms with a (cohort, age) diagram in the horizontal
plane. The bold lines leading up represent censuses (cross-sections at
fixed calendar years) and the diagonal lines represent the survival of
cohorts.’ (Keiding, 2011: 414)

Source: Wikipedia: The Free Encyclopaedia, 2014b.

grid’ (Roubicek, 1958: 171), and the Lexis diagram
as its most illustrative type. He introduced the original
Lexis diagram, as shown in Figure 5. Roubiéek also
drew the life lines into the diagram as vertical lines,
as described above. In this case, the life lines started
on the horizontal axis (axis of cohorts) and crossed
the age-lines proceeding from the left axis (the axis
of age) to the right. The time lines (also called isoch-
rones) are lines with a slope of 135 degrees. As already
derived above, this type of the diagram is especially useful
for cohort analysis, because cohorts are marked in this
diagram by particular vertical lines. It is then easy to read
the age of a studied group of people or set of events, but
defining the time of the event is not so straightforward.

9) Arguments against this statement are mentioned, for example, by Vandeschrick (2001), but with a particular uncertainty owing

to the absence of certain historical documents that were not available or known of at that time.
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Roubicek (1958) also showed the possibility
of drawing the time axis in the diagram (as a line with
a slope of 45 degrees). However, he also pointed out
that this time axis is not usually used in the diagram
because the time can be calculated using the cohort
axis or using the known values of the age at the time
of the event and the cohort.

Pressat’s version of the Lexis diagram, simplified
to two rectangular axes (age and time) and co-
hort lines with a slope of 45 degrees, was presented
in Czech demographic literature by Pressat in transla-
tion of Pavlik (1968). However, Vandeschrick (2001)
mentions that the version of the diagram correspond-

Figure 9 The diagram proposed by Brasche (1870)
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Note: In fact this version of the diagram is nearly the same as the one

we are used to today or that was described by Pressat (e.g. in 1968) —

the only difference is its rotation (90 degrees to the right — the vertical
axis in the figure is today traditionally depictured as a horizontal axis).
Source: Vandeschrick, 2001: 111.

ing to Pressat’s work, and the one contemporarily used
most often in the world, can already be traced in the
work of Brasche (1870, cit. in Vandeschrick, 2001; see
Figure 9), and that this author and his work was nearly
forgotten in demography. This may be due to the fact
that Brasche was not very explicit in his work and
did not explain all the aspects of the diagram. Taking
this into account, Brasche in 1870 (ibid.) was the first

to propose the version of the diagram most often used
today and Pressat in the 1860s ‘only’ reinvented it.
The difference between the original Lexis diagram
(proposed by Lexis, 1875, used, e.g., by Roubicek, 1958,
and shown in Figure 5) and the modification described
by Pressat is illustratively shown by Dupdquier (1999:
33). Pressat used the rectangular form of the Lexis dia-
gram, and the values of age remained on the vertical
axis. On the horizontal axis, Lexis originally proposed
showing the values of cohorts (moments of birth),
which corresponded more to the cohort approach
to demographic analysis. Pressat used the horizon-
tal axis for the time dimension, then the isochrones
started on this horizontal axis and rose vertically.
In the original Lexis diagram the life lines, like
the cohort lines, went straight up. In Pressat’s version,
the life lines as well as the cohort lines have a slope
of 45 degrees (Dupdquier, 1999). It could be said, that
this version of the Lexis diagram is currently the one
best known in the world (see Figure 11). This ver-
sion of the diagram fully corresponds to the period

Figure 10 Mortality surfaces, age-specific mortality
rates, Czech Republic, by sex, 1950-2006

Males Females

Note: ‘Prepared in R software.
Source: Hulikova Tesarkova, 2012.

approach to demographic analysis (often used be-
cause of data availability, etc.) and is also more prac-
tical for use with modern graphical and other types
of software. Using the vertical line for the time di-
mension also enables an illustrative description
of the development of some processes in time.
This version of the Lexis diagram is also involved
in the work of Preston et al. (2001).
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Nowadays, research in this field of study does not
focus specifically on any changes or modifications
of the Lexis diagram itself, but rather on the possible
ways of constructing the diagram electronically us-
ing any information technologies or software. This
is also the result of the greater availability of data
in demographically developed countries, because
it raised the problem of how to present the long de-
velopment of any process briefly and illustratively.
In such cases, the Lexis diagram was ‘transformed’ into
a Lexis surface (surface or contour graphs in general,
see Figure 10). The Lexis surface is often associated
with the work of Arthur and Vaupel (1984). Another
advantage of the contour map is its variability, it can
be used to illustrate probably all demographic
and other similar events and processes when
they are organised by time and age (Vaupel et al.,
1998). Moreover, in this data structure, when using
the contour diagram, the cohort effects can be showed.
Some independent software has been published
for the purpose of constructing the Lexis diagram
(e.g. in Vaupel et al., 1998). However, it would seem
more effective for this topic to use more general statis-
tical software — for example, with specific packages de-
signed for constructing the Lexis diagram.'” The pos-
sibilities of a graphical analysis of demographic data
have also been described by Hulikovd Tesdrkovd (2011;
2012), and these focused on traditional mortality sur-
face graphs and on three-dimensional graphs, where
the third dimension stands for the population size
or the intensity of any process.

4. COMPARISON OF THE TWO MOST
COMMONLY USED LEXIS DIAGRAMS
IN THE CZECH SCHOOL

OF DEMOGRAPHY

As mentioned above, in the second half of the 20™
century there were two types of Lexis diagram men-
tioned in Czech demographic literature and also
used in practice. The first of them can be found

in the work of Roubicek (1958), and this is in fact
the version of the diagram originally proposed
by Lexis (1875). The second type of diagram used
is the version proposed by Pressat (e.g. 1968).
In this part of the text a brief comparison of the usage
of both of these approaches will be presented. This
will help to better illustrate the practical application
of each of them and also to describe their advantages
and disadvantages.

By way of illustration, data for the Czech Re-
public and two calendar years were selected, 2009
and 2010, for a period analysis of mortality at age
0, 1 and 2. Data were structured into all three primary
sets and the calculation of age-specific mortality rates
and probabilities will be described.

Figure 11 The Lexis diagram currently used most
often in the world, data for the model calculation
are imputed
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Note: The three primary sets of data are marked: the 1st set
(age-cohort) is light grey, the 2nd set (cohort-period) is darker grey,
and the 3rd set (period-age) is black.

Source of data: Czech Statistical Office, 2013; 2014.

10) For example, LexisSurface package for software R (https://sites.google.com/site/timriffepersonal/r-code/lexissurface).

11) These two years were selected on purpose, because they are not influenced by the presence of the population census or any

data corrections, like the year 2011 (where the initial number of inhabitants does not correspond to the number at the end

of the year 2010). Selection of any years with corrections would complicate the figures below.
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Figure 11 shows the most commonly used version
of the Lexis diagram nowadays. As noted above, this
version of the diagram is especially useful for period
data analysis. In the figure, three primary sets of data
are also marked - the first set (defined by one cohort
and one age) is light grey, the second set (defined by
one cohort and one calendar year) is darker grey, and
the third set (defined by one age and one calendar year)
is black. The same primary sets are also marked
in Figure 12, where the Lexis (1875) diagram is shown.
In both diagrams (Figure 11 and 12) the same data were

used and also the primary sets of events are defined
and marked in the same way

This demonstrates that Pressat’s version (Figure
11) fully corresponds to period analysis and that
the Lexis version (Figure 12) is more useful for cohort
analysis. In this version of the Lexis diagram more space
was needed to illustrate the data from only two calen-
dar years. Also, in the original Lexis diagram (Figure
12) it is harder to define the initial population size (the
population at the beginning of the year) and the exposed
population (the population in the middle of the year).

Figure 12 The Lexis diagram proposed by Lexis (1875) and introduced in the Czech school of demography by
Roubicek (1958), data for the model calculation are imputed
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Note: The three primary sets of data are marked: the 1st set (age-cohort) is light grey, the 2nd set (cohort-period) is darker grey, and the 3rd set

(period-age) is black.
Source of data: Czech Statistical Office, 2013; 2014.

To better illustrate usage of the diagrams, the ways
of calculating the most important relations are shown
below. For the first, second, and third primary sets
of data the mortality rates and probabilities are cal-
culated. Of course the results have to be the same;
the purpose is only to help to provide a better orienta-
tion in the diagrams.

The first sets of data, marked in light grey in Fig-
ures 11 and 12, are defined by one year of birth (co-
hort) and one completed age. Because this set of data
is more cohort-oriented, in the original Lexis diagram
(Figure 12) it corresponds to a rectangle. In both dia-
grams shown this set corresponds to completed age

0. The probability of death in this set of data must
be the total number of deaths under exact age 1 divided
by the initial population size, which is the total number
of live births. That means:

| 289+ 52
9 = 118348

A slightly more complicated task could be the defi-
nition of the population size in the middle of the stud-
ied period (commonly representing the exposed popu-
lation) in this set of data. There are two possible ways
(in Figure 13 the solid line stands for the middle
of the two calendar years covered by the first set
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of events, on the other side the dashed line better rep-
resents the supposed exposed population, on the as-
sumption that the events are equally distributed within
the age interval). Using the numbers from Figure 11
and 12, we can then define the mortality rate as:

. 289+52

= 22T O% 00287499
" = 118609

or alternatively

289 + 52
. = 0,00287879
"o = 118348 + (118609 — 52)]/2

Figure 13 The first primary set of data in the Lexis
diagram according to Pressat (left) and according to
Lexis (right), illustrating the two possible exposed
populations (the solid line and the dashed line)

For the second set of data the calculation is quite
easy: in the case of probabilities we have to divide only
the number of events by the initial population, i.e.
the population size at the beginning of the year. Using
the numbers from Figure 11 and 12:

L 11+n
T200 = 720290

Age-specific mortality rates for the second set
of data are also quite easily defined as:

. 11+ 11
m =
2010 (120290 + 120652)/2

The exposed population (the population
in the middle of the year) for the second set of data
is defined clearly (see Figure 14).

In the third set of data the calculation is slight-
ly more complicated in the case of the probability
of death. The reason can be found in the differ-
ent corresponding populations (cohorts) for each
of the elementary sets of data (a triangle defined by
one age, the cohort and the year of the event). Because
the probabilities can be calculated for each triangle,
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Figure 14 The second primary set of data in the Lexis
diagram according to Pressat (left) and according
to Lexis (right), illustrating the exposed population
(the dashed line)

and they are independent probabilities, their multiples
have to be subtracted:

w7 16 _( 7,16 )
727 706518 © 115180+ 16 \ 106518 ~ 115180 + 16

Calculating the age-specific mortality rate is again
quite easy for the third set of events (Figure 15):

1 7+ 16
m' =
27 (106518+ 115180)/2

Figure 15 The third primary set of data in the Lexis
diagram according to Pressat (left) and according
to Lexis (right), illustrating the exposed population
(the dashed line)

5. CONCLUSION

The year 2014 marks the 100th anniversary
of the death of Wilhelm Lexis, the German statis-
tician, economist, journalist, and teacher who sig-
nificantly influenced demographic research with the
diagram that bears his name, which helps us to dis-
play demographic events reflecting a given time, age
and cohort. Wilhelm Lexis’s life was devoted to sci-
ence and research, which is obvious not only from
the bibliography but also from the list of all
the places where he worked: the University of Bonn,
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the University of Strasbourg, the University of Tartu,
the University of Freiburg im Breisgau, the Univer-
sity of Wroclaw, and the University of Gottingen.
However, nowadays Lexis is known above all thanks
to the ‘Lexis diagram’ In everyday demograph-
ic practice we do not usually use the original form
of the diagram proposed by Lexis, but this does not
undermine the fact that Wilhelm Lexis has a firm
place in the history of demography.

From the article, it is clear that work to devise
some graphical tool that could be used to illustrate
population development or demographic process-
es had already started several years before Lexis’s
work (1875). However, Wilhelm Lexis was among
the first to combine all three dimensions (age, cohort
and period) in one diagram. Also, the diagram pro-
posed by Lexis (1875) did not change significantly
during the development. In the 1960s Pressat ‘only’
changed the axes in the diagram (Dupdquier, 1999),
or maybe publicised the historical version of the dia-
gram originally proposed by Brasche in 1870 (Van-
deschrick, 2001). As was shown above, both versions

of the diagram (proposed by Lexis and by Pres-
sat) could be used easily in practice and logically
the results (rates or probabilities) have to be the same.
The illustration of the practical application
of the diagrams proved that both versions have their
advantages as well as their disadvantages. The Lex-
is version of the diagram is more useful in the case
of cohort analysis, where the cohorts are defined eas-
ily in the diagram. On the other hand, the diagram
proposed by Pressat fully corresponds to the needs
of the period approach to data analysis.

This paper presented not only some information
about the life of Lexis, one of the best known demog-
raphers in the world and in the history of demography,
but also about the life and development of the ‘Lexis
diagram’ To sum up it could be said that although
it is now 100 years since the time Lexis passed
and approximately 140 years since the Lexis diagram
was proposed (regardless of who actually invented
it), Lexis as well as the Lexis diagram still have
their place in the field of demography and demo-
graphic analysis.
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